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Abstract. An edge e = uv of graph G = (V, E) is said to ev-dominates vertices u and v as well as all vertices
adjacent to u and v. A set S C F is double edge-vertex dominating set, if every vertex of V is ev-dominated by
at least two edges of S. The minimum cardinality of a double edge-vertex dominating set of G is the double edge-
vertex domination number and is denoted Yge, (G) which was defined in Kilig¢ & Ayl (2020). In this paper, we
give formulas for some corona products and some cartesian products of graphs on double edge-vertex domination

number.
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1 Introduction

Let G = (V, E) be a simple graph. The set N(v) = {v € V]uv € E} is the open neighborhood
and N[v] = N(v)UN (u) is the closed neighoorhood (Kulli, 2016) of v € V. For any edge e € E,
the open edge neighborhood (Kulli, 2015) N(e) of e is the set of edges adjacent to e. For S C V
of vertices in a graph G = (V, E) is called a dominating set if every vertex v € V' is either an
element of S or adjacent to an element of S. The minimum cardinality of a dominating set of G
is called the domination number (Haynes et al., 1998) and is denoted by v(G). A subset X of E
is called an edge dominating set of G if every edge not in X is adjacent to some edge in X. The
edge domination number 'y,(G) of G is the minimum cardinality taken over all edge dominating
sets of G. The concept of edge domination established by Mitchell & Hedetniemi (1977).

A vertex v of G = (V, E) is said to ve-dominate every edge incident to v, as well as every edge
adjacent to these incident edges. A set D C Vis vertex-edge dominating set, if every edge of F is
ve-dominated by at least one vertex of D. The minimum cardinality of a vertex-edge dominating
set of G is the vertex-edge domination number and is denoted by v,(G). The concept of vertex-
edge domination was first defined by Peters (1986). A set D C V is a double vertex-edge
dominating set of G if every edge of E is vertex-edge dominated by at least two vertices of
D. The double vertex-edge domination number of G, denoted by ~gye(G), is the minimum
cardinality of a double vertex-edge dominating set of G. A double vertex-edge dominating set
of G of minimum cardinality is called a 74 (g)-set. Double vertex edge-domination concept was
introduced by Krishnakumari et al. (2017).

An edge e = wv of graph G = (V, E) is said to edge-vertex dominate vertices u and v as
well as all vertices adjacent to u and v. A set S C F is an edge-vertex dominating set, if every
vertex of V is ev-dominated by at least one edge of S. The minimum cardinality of an edge-
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vertex dominating set of G is the edge-vertex domination number and is denoted by e, (G).
Edge-vertex dominating set and edge-vertex domination number were defined by Lewis (2007).

A subset S C F is a double edge-vertex dominating set, if every vertex of V' is ev-dominated
by at least two edges of S. The minimum cardinality of a double edge-vertex dominating set
of G is the double edge-vertex domination number and is denoted by v4e,(G) in Kili¢ & Ayh
(2019) and Kilhi¢ & Ayl (2020).

Graphs are powerfull structures in representing problems involving objects and their rela-
tionships. Graph operations have a wide range of usage in real life problems. These are used to
obtain complex structures in modeling network systems. Two of important graph operations are
corona and cartesian processes. In this paper, we find double edge vertex domination number
of some graphs under corona and cartesian products operation.

2 Double Edge Vertex Domination of Corona Products
of Some Graphs

In this section, we find results on double edge-vertex domination number of corona products of
some graphs and we prove the results.

Definition 1. Let G1 and Gy be two graphs of sizes p1 and po respectively. The corona G1 © Ga
is defined as G which is obtained by taking one copy of G1 and p1 copies of Ga, and then joining
the i’th node of G1 to every node in the i’th copy of Go (Buckley & Harary, 1990).

Theorem 1. For a path with order n > 2 and any graph G with order m, double edge-vertex
domination number of cartesian products of these are as follows,

’Vdev(PnQGm) =n+1

Proof. Let P, be a path and G, be any graph, V' = {vy, ve, ..., v,} be set of vertices of P, and
E ={ey,e2,..,en_1} be set of edges of P, respectively. The edges with the largest neighborhood
are the edges of P,, since we join the i.th vertex of P, to each vertex in the i.th copy of G,,. So
each inner edge of P, has 2m + 2 edges in neighboorhood and pendant edges has 2m + 1 edges
in neighboorhood. Therefore, we start to select elements of double edge-vertex dominating set
from the edges of P,. The edge e; edge-vertex dominates all vertices once which is adjacent to
the vertex vy and which is adjacent to the vertex vo. If we continue with es, also es edge-vertex
dominates all vertices which is adjacent to the vy vertex and which is adjacent to the vertex
vs. Thus, the vertices adjacent to the vertex vy are dominated twice. If we continue to select
sequentially in this way until the last edge e,,_1, then the vertices of G,, joined to v; and the
vertices of the P, joined to v, are both dominated once, while all other vertices are dominated
twice. So, we selected n — 1 edges upto now. If we select one edge from each G, joined to the
vertices v1 and wve, all vertices will be dominated twice. So, we select n — 1+ 2 =n + 1 edges to
double edge-vertex dominate all vertices in resulting graph. Then we have

f)/dev(Pn@Gm) =n+1
OJ

Theorem 2. For a cycle with order n > 3 and any graph G with order m, double edge-vertex
domination number of cartesian products of these are as follows,

’Ydev(cn @ Gm) =n

Proof. Let C), be a cycle and G,, be any graph of order m, V' = {vy,va, ..., v, } be the vertex set
of C,, and E = {ey,ea,..,e,} be the edge set of C),. The edges with the largest neighborhood
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are the edges of (), since we join the i.th vertex of C), to each vertex in the i.th copy of Gy,.
So each edge of C), has 2m + 2 edges in neighboorhood. Therefore, we start to select elements
of double edge-vertex dominating set from the edges of C),. The edge e; edge-vertex dominates
all vertices once which is adjacent to the vertex v; and which is adjacent to the vertex vg. If
we continue with the edge es, also ey edge-vertex dominates all vertices which is adjacent to the
vertex v9 and which is adjacent to the vertex vs. Thus, the vertices adjacent to vy are dominated
twice. v; and v;41 are endpoints of e;, v;41 and v; 49 are endpoints e;1. With each selection
of e; and e;41, each of these two edges dominates vertex v;;1 once which is one of the common
endpoints of e; and e;y1. So, vertex v;4+1 is dominated twice. If we continue in this way until
the last edge e,, then all vertices will be edge-vertex dominated twice. So, we selected n edges
of C}, to double edge-vertex dominate all vertices. Then we have

’Vdev(cn @ Gm) =n.

3 Double Edge-Vertex Domination of Cartesian Products
of Cn with PQ and P3

In this section, we find results for double edge-vertex domination number of cartesian products
of C,, with P, and P3 and we prove that these results.

Definition 2. The cartesian product of graphs G and H denoted as G Q) H with vertices
VIGRH) = V(G)QV(H) and (a,x)(b,y) is an edge of GQRH if a = b and vy € (H),
or ab € (G) and x =y (Imrich et al., 2008).

Theorem 3. For a cyle with order n > 3 and path with order 2, double edge-vertexr domination
number of corona products of these are as follows,

Ydev(Cr ®P2) = QL%J +n mod 3

Proof. Let’s prove this theorem by mathematical induction.

1. For n = 3k, n mod 3 = 0, result is true for n = 3.
Vae(C3 @ Po) = 2.|3| +3 mod 3=2.[1] +0=21+0=2.
Our assumptation asserts that,
Vdev(Csr @ Pa) = 2. L%J + 3k mod 3
=2.%|+0=
-2 [4]
We want to prove that for n = 3(k 4+ 1) = 3k + 3, double edge-vertex domination number
of cartesian product is
'Ydev(CBk-i-?) X P2) = 2. L%T—’—?’J + (3]’6 + 3) mod 3
=238 o =23k

The number of vertices of Csiy3 is 6 more than the number of vertices of Cs,. An edge
dominates 6 vertices at most. Thus, at least 2 edges are required to dominate these 6
vertices twice. Therefore,

Ydew(C3t+3 @ P2) > Yieo(C3r, @ Po) + 2
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2. For n =3k + 1, n mod 3 = 1, result is true for n = 4.
PYdev(C4®P2)—2 L J—|—4m0d3—21—|—1—3
Our assumptation asserts that,
Ydev(C3r1 @ Po) = 2. L%T‘HJ + (3k+ 1) mod 3
=2.3&H | 41,
We want to prove that for n = 3(k + 1) + 1 = 3k + 4, double edge-vertex domination
number of cartesian product is
’ydev(C3k+4 ® PQ) = 2. L%J + (Sk + 4) mod 3
—9 L3k+4 J 1
The number of vertices of Csj14 is 6 more than the number of vertices of Cs;11. An edge
dominates at most 6 vertices. Thus, at least 2 edges are required to dominate these 6
vertices twice. Therefore,
Ydew (C3kt4 @ Po) > Yaeo(Capg1 @ Po) + 2
=2.[2EHL | 4 (3k + 1) mod 3 + 2
—9 LngJ 4142
—9 L3k+1j+2+1
—9 L3k+1j+21+1
'(LngJ T+l
> 9. LSkH +1J +1
=23 4+ 3] 4+1

3
—9. L3k4231+3j +1

=2 [3EH| 42

[\)

3. For n =3k 4+ 2, n mod 3 = 2, result is true for n = 5.
7dev(C’5®P2)—2 E J+5mod3_21+2_4
Our assumptation asserts that,
7dev(03k+2 ® PQ) = 2. L@J + (3]’6 + 2) mod 3
=232 42
We want to prove that for n = 3(k + 1) + 2 = 3k + 5, double edge-vertex domination
number of cartesian product is
Vaeo(Cars @ Po) = 2.| 32| + (3k + 5) mod 3
—9 L3k+5 J 4+ 9.
The number of vertices of Csgy5 is 6 more than the number of vertices of C3;12. An edge
dominates at most 6 vertices. Thus, at least 2 edges are required to dominate these 6
vertices twice. Therefore,
Vdew (C345 @ Po) > Yaeo(Capqa @ Po) + 2
=2. |22 | 4 (3k +2) mod 3 + 2
—9 LngJ 4242

O]

Theorem 4. For a cycle with order n > 3 and path with order 3, double edge-vertex domination
number of corona products of these are as follows,

Ydev (Cn ®P3) =n
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Cin C2n C3n

Figure 1: Cartesian product of Cn with P3

Proof. Let C, be a cycle, C1, be first copy of C,, Cs, be second copy of C,, Cs, be third
copy of C, in resulting graph after cartesian product. And let vertex sets of these copies to
be, Vi = {v11,v12,...,v1n} be set of vertices of C,,, Vo = {v21,v29, ..., v2,} be set of vertices of
Con, V3 = {v31,v32,...,v3,} be set of vertices of Cs,, respectively. And let E' = {ea1, €29, ..., €2, }
to be set of edges of Cy,. These edges and C9,, are joined to the second vertices set of P,.
The vertices with the largest neighborhood are belong to C9,. Therefore, we start selection
with the edges of Co,. If we start with es1,then es; dominates vi1, v12,v31, 32, Va1, V22, V23, U2y
vertices. If we continue with egs, then egy dominates wvqs, v13, V32, V33, V21, V22, V23, V24 Vertices.
S0, v12, V32, Va1, V22, V23 Vertices are dominated twice. Then, we continue with esg, eo3 dominates
V13, V14, U33, V34, V29, V23, V24, U25. Hence, v13, v33, V22, V23, V24 are dominated twice. If we continue
in this way until es,, edges, then all vetices are dominated twice. In this case we select n edges.

Hence,
Vdev (Cn ® P3) =n.

4 Conclusion

In graph theory, domination has an important role in the vulnerability analysis of communication
networks modelled by graphs. There are many types of domination depending on structures of
dominating sets. Domination has a very wide range of application side also. Both edge-vertex
and vertex edge domination are concepts on which many researchers are interested in recent
works. Depending on the structure of the network, sometimes any break down on links have
more importance. In this sense, parameters on edge dominating sets are widely studied. In this
paper we investigated double edge-vertex domination(Kili¢ & Ayl, 2019; Kilic & Ayl, 2020)
number of graphs under corona operations. For future work we are planning to work on other
structural operations on graphs. As two open problems on the subject we can say that are, first:
upper and lower bounds of double edge vertex domination number of trees can be generalized
and second: an algorithm can be determined to find this number on some specific classes of
graphs.
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